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ON AN EXPRESSION OF THE ELECTBMAGNETIC FIELD DUE TO
ELECTRONS BY MEANS OF TWD SCALAR POTENTIAL FUNC-
TIONS

By MR. E. T. WHITTAKER

[Receved 11th November 1903.—Read 12th Nember 1903.]

1. Object of Paper.

The object of the present paper is tovghbat when ay number of electrons
are moving in a;ymmanner the functions which define the resulting electrodynamic
field, namelythe three components of dielectric displacement in the aether and the
three components of the magnetic force \@re point of the field, can bexe
pressed in terms of the deates of tw scalar potential functions(Previous writ-
ers hae eypressed them in terms of a scalar potential function arttanpoten-
tial function, which are equilent tofour scalar potential functions.) Theseaw
scalar potential functions are explicitlyabuated in terms of the chges and co-
ordinates of the electrondt is then shown that from these results the general
functional form of an electrodynamic disturbance due to electrons can tedderi

1. Explanation of Notation, and Summary oéyously known Results.

The work of previous writers, s@if as it concerns the presentastigation
and explains the notation used, may be briefly summarized as follows:—
Let p be the volume density of electricity atygulace and time, and let, v,
v, be the components of itehocity, and c the velocity of light in theegher Let
d,, q/ d, be the three components of the dielectric displacement irettey and
h., h,, h, the three components of the magnetic force. Then the fundamental equa-
tions of electrodynamics may be written in Lorestidrm (the units being suit-
ably chosen):

dp + 9(pVvy) + a(pvy) + 9(pv,) -0

Ot 0x dy 0z ’
dd,  0d, 0d, oh,  0hy,  0Oh,
+ + = + +

ox 0Oy oz 7 ox dy EZO’
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CEBhZ oh,U ad, . CDad _ad,0_ an,
Sy ez D o TP gy T T
(O o 0dy - dd,_0d,0__oh
‘00z ~ ax 0 6t v ‘09z~ oaxo o
CEBhy oh,”_od, o, CDady _0d,J_ o,
Jox " ayo ot Sox dyp ot

In place ofd,, dy d, h, hy h,, we an define the field by a scalar potential
function g and three functiona,, a , a,, which are usually garded as the three
components of a vector potential. The quanUdgsjy h ¥ h, are gven in
terms ofg a,, a, a, by the equations

1 Vg X,

L __10a_dp _ _0a, Da
*“coat ox' Y 0y 0z

and four similar equations fak, d,, h , h,.

The scalar potential and ‘the three components of ébtow potential satisfy
the system of equations

02¢ 2

22 _ —_ 2 2M24 _ X - _

c O o2 c°p, c°[ay o2 CPVy,
da 0%a

2M2, _ Y — _ 22, _ z __

cUay a2 covy, cUa, I CpVy,

Oa, aay da, 10¢ _
ox ay 62 c Ot
For the fundamental case, namadtyat in which the field is due to wnumber

of electrons moving in gnway, the scalar potential and the three components of
the vector potential aregn by the equations

1 a(x,y,zt)= © Y
X\ Y 2 _z4ncr+FVCos(\7,F)'

0 = ec
Axy z1)= 2 an CF +FV cos,F)’
and tvwo smilar equations fom, anda,, wheree is the charge on a typical elec-
tron, r is its distance from the poink(y, 2), vis its \elocity, (v, vy, V;) the com-
ponents ofv, (v, r) the angle between the directionwéndr, and the bars er
the letters mean that the position of the electron considered is that which it occu-
pied at a timé —r/c; and the summation is takewes all the electrons.We dall
assume throughout the paper that thloeities of all the electrons are less than
the velocity of radiation.

1. Introduction and Evaluation of the two Scalar Potentials.

Now let x'(t), y'(t), Z(t) denote the position of the electrerat timet; and let

X' be used to denoté(t - r/c), so thatx’, y', Z' are known
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functions ofx, y, z t, when the motions of the electrons are known; weeha
2= (X - x)2+(¥ - y)*> +(Z - 22, and therefore

al>r<:—(x’—x)-{(x'—x)v><+()/'‘Y)VVJ'(Z'_Z)VZ}<13§Z<

r

o _  cx-x
or dx  cr+rvcos,r)’

More generallyif f be ary function of the three quantities-x, y' -y, Z -z
,and if f, f,,, f; denote its devetes with respect to these three arguments respec-
tively, we asily find that

of __ , (X=Xl fo¥y + f37)
ox CF + 1V cosg, I)

Similar equations hold fod f/dy and 0 f/0z, while 0f/0t is given by the
equation

Of _ c(fivy+ fouy + f31,)

ot c+vcosf, F)

Now define functiond=, G, W by the equations

-5 & ot z-z
F(Xl Y, Z, t) _z4n_S|nh {(X,_X)2+(yr_y)2}1/2’
y-y
X=X’

G(x, ¥,zt) =5 than‘l

WX, ¥, 2,0 = 3 o log { (X =X + (7 =2} 2,

where the summation is takewmep al the electrons. Using the formelgust ob-
tained for the devetes of a function of the kinfj we find that

v 0G_ e Vv

ox Oy 2 an ey cos@, )’

ov  0G e vy

— 4+ — = . A

dy Ox 47 CT +7Vcosf, )’
v 10F _ _e Vv,
0z c Ot “4mcr+rvcos@,r)’
10w OF_  _e 1
cot 0z 47 CF +TVcos, F)
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Combining these results with the expressions already foung oy a, a, we
have

ov_o0G__ 0¥ 0G__ 0¥ 10F __
ox o0y X dy o0x Y 0z cot *“
10¥ OF
- 4+ ==
c ot 0z

Substituting these results fara,, a,a, in the equations of the type
_10a, Op _0Oa, Oa,

dy =

cot ox' X dy 0z’

which give the components of the dielectric displacement and the magnetic force,
we find thaty disappeas automatically and we obtain

_OF 196 _0F 106G _0F _10F
X" 0x0z coydt’ ¥ 0ydz coxdot' - 022 2 ot2’
1 0°F  0%G __10F 0 _dc  dc

T cdydt 0xdz' ¥ coxdt 0ydz’ hz 6x2+07yz'

These equations show that the six components of the dielectric displacement
and the magnetic force can brpesssed in terms of the derivates of two scalar
potentials F and G, defined by the equations

5 & it z-z

F(Xu Y, Z, t) _Z4ﬂ5|nh {()—(I_X)2+(y1_y)2}1/2’
_< © LYV -y

G(x,y,z,t) =% 4ﬂtan 7 —x’

whete the summation is taken over all the electrons in the.field

It can without difficulty be shown that, if @mumber of electrons whose total
charge is zero are moving inyamanner so as to remainaalys in the vicinity of a
given point (i.e., to be h stationarymotion), then the electromagnetic field thus
generated is of the typevgn by

1 rg

F=2 i ‘1 ©=0,
wherer is the distance from the point ahts an arbitrary function; pmore gen-
erally, of a field of this type superposed on fields of the same type, but related to
the axes off andx in the same way as this is related to the axis dfhis is per
haps of some interest in connection with thewéglvocated by some pBicists
that the atoms of the chemical elements consist of sets of electrons, whose total
charge is zero, in stationary motion.
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1. Discussion of the Apparent Asymmetry of the preceding Result,
and its Vector Expression.

The formula thus obtained are not symmetrical with respect g andz. In
order to discuss their relation to symmetrical formulae obser that the can
be written in the form of vector equations

1. 1.
d =curl curlf + curl Eg, h = curl 6f —curl curlg,

whered andh are the electric and magnetiectors, and andg are vectors direct-
ed parallel to the axis of whose magnitudes afe and G respectiely. These
vector equations are quite symmetrical, and our result is that, if, insteagbaf-re
ing the electromagnetic field as defined by teetersd andh, we regad it as de-
fined by \ectorsf andg, connected withd andh by the abwe vector equations,
thenf andg are simple functions of the coordinates of the electrons, whdreas
andh are complicated functions of their velocities and accelerations; andwee ha
also obtained the result that without loss of generality we canf takdg to be
evaywhere, and at all times, parallel to somedixirection in space(g, the ax-

is of z), a fact which makes it possible to specify them by tealar quantities on-

ly.

It might be asked whetheegtorsf andg exist which satisfy the alve vector
equations and which are perfectly symmetrical—the answer to this is inghe ne
ative; in fact, although the equations are themseiwariantive, and can therefore
be expressed in the vector notation, yet/tHe not possess i@riant solutions;

just as the vector equation
gracEg O curla
O

(wherer is the scalar distance from the origin ant$ a vector to be determined)
possesses an infinite number of solutianghich can readily be foundubeach

of which is specially related to some line in space, so that no solution is symmetri-
cal.

1. Deduction of the General Functional Form of an Electrodynamic
Disturbance in the Ather.

Having now shown that an electrodynamic field due to electrons is completely
characterized by twscalar potential functions andG, we can proceed to deduce
its general functional form.

The functiong= andG have sngularities at those points which are actually oc-
cupied by electrons; at all other points we find by direct

2B2
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differentiation, or by substituting in the original electrodynamic equationsathe v
ues of the components of dielectric displacement and magnetic force in tedfms of
andG, thatF andG satisfy the partial differential equations

OF OF O0F_10°F_
02 0y 02 o

0x2  0y2 0z2 c? 0t2
Writing down the general solution of these latter equatfong obtain the re-
sult thatthe most gnearl type of electrodynamic disturbance at a place in the
agther not occupied by an eleetr is that for whib the components of the dielec-
tric displacement and magnetic forceeaepresented by the equations

_OF 106 _0F 106  _0F 10F
*“0xdz cOyot’ Y dydz coxdt' ° 022 <2 a2’
holOF 96 | 10F de | _dc d6
*“coyot 0xdz' ¥ coOxdt 0dyoz' ° 0x2 Oy’

where

m 2
F :J' J' f (X sinucosv + ysinu sinv+zcosu +ct, u, v) du dy,
0 Jo

T2
G =I J' g(xsinucosv+ysinu sinv+zcosu+ct, u, v) du dy
0 Jo

and f and g a arbitrary functions of their arguments

* Cf. a paper by the author Math. Ann, Vol. Lvii., pp. 333-355, 1903.



